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A New Wakc+Potential Calculation Method
Using Orthogonal Polynomial

Thi-Setn F. Wang
k Alama National Laboratory, k Alaxn~ NM 87545

BruM Zdter
Eum~ or@nisatiou fm Nuck3ar ~rh Geamva, Switx.erkd

Abdmd

We p-nt, in this pa~, m new nwthod for
calculating the wake potential d a bunched beam d
arbitrary charge distribution, directly from the wake

potential of a nhorter bunch, by using orthogonal

polynomial expanaimo. ChnbinA with the tablAook-up
technique, thrn method bad- to an effective computation
schenw for repetitive evalu~tion of wake potentiafa d
different charge drntributions under the same boundary

conditions.”

I. INTRODUCTION

Theoretically,the wake potential of a bunched beam
of ubitrary charge di~tributicm ran be calculated by using

the wake function of a point charge M a Grem function
[1]. In reality, except for a few very nimplifled georrwtrim,
lhe wake function of a point charge u impmibb to

obtain analytically. More difflcultia emerge when one
triu to compute the wake function (~!elta function wake)

nurncricnlly, becnune of the singularity in the time domain

nnd the inflnik number of reaonancea in the frmqurncy

dnnmin, Although wmral approximations in Lhe time
domain have hem pro-d [2,3,4], it irr not rhmr that
lhr~ npproximuticms cnrr give mntiafactory rmultx for all

cm.

The dillkulty of evaluating the wske function of ●

point charge u woidrd hy rornputing the WAC potential
rrf R nonninguinr chnrge dintrihutinn of cxtendrd dinwnnicm,

A numtwr of mmIpIIlrr progranm hnvr hrcII drvrloprd for
rnlrnlmting the wakr potcnliab of Amrgwl-prticle hunchen

in vnrioun gm-mwtrirn [h,t37]. Nmmthdem, cvrn with the
IIMmt ndvancrll conlputPm, n wakr potrntid c~lculnlion
ntill rquirrn R nigniflru~l w:wulit ofconlputrr litnr. Ilenrr,
it in m~t prmrtird to Um thtwr prqrmmx h)rnkuldr wnkr

potrnlidx rrpontmlly in a nimulnlkm progrnm for lwnru
mlnhility fjr !mmIEhrRIII intrr~tk]ll ill nrrplornt{wn. A

rtmtrmtifmnl IIM4110d f(w R f~t r(mqmtmli(m ig to cnlrulnlr

Ilw dhw-tivr illlpmlntlce it) lIIP frqurnry Ammin froill

the rrmmmt IIHMlm {~f n ntrnrturr, nn~l tlmn to Ftmrbr-

Irnnaf{mltl lhr rtwulln III Lhr lillw dI)IIIniII [H], ( ‘bnrly, to

umr Ihm mrt.hInl, imr IIIM knlw tho tllf)Ihn up to wry

high frrilmwrirw II in illll}rmlntlt 111 hmIw thr iltllmlnn. r
[If n rnlrurlllrr Irf{m$ it is Iniilt; tlwrrfi)rr Imr IIM t~l

● W,wb lIMt My aIpjh IriP1l IV tiw I IS I)qwlttrnl IIf Itiwrny,

orni~ ,4 ll~h I;.IICIRV UIII Nut Iru I’hyqbn

depend on the raults from computaticnm. In attempting
k calculate the impedance numerically, one facea the

aune difllcultiu nwnticmed earlier. hying to “unfold”
the effectiveimpedance d a bunch of tlnite length doua

not work in practice because d the extrenwly lmge weight
f-tom where the effectin impedance u ●nail; e.g., fm

a Guian distribution, one would havu to multiply the

efktive impedance with the weight factor exp(+w%r~),
Thus, a better schem tbr rapid computation of wake

pokntiab m required.

As will be dimcusA belcm, orthogonal pdynornial
expanaionn enable the wake potential of a bunch witk

arbitrary distribution to be cakulstud directly from s
known wake potentid of s short bunch, This method u

similar to the Green functiul nwthod; for any speciffc

geometry, one need- to compute the wake potential of s

short bunch only once. The wake potentiab d euh term

in the expansion then can be obtained by (numerical)
integrstiona, One may construct tabla from the raulta

and urn the “tabl~look-up” khnique [8] to increame the

computation -pd.

IL EXPANSIONS OF WAKE POTENTIALS

It iu known that the wmke function of ● point charge

{;(z, z’) cm he umecl M a Green function to calculate

the wake potential Wf(z) of m hunch with a chnrge

dirrtributicm Y(z), If the wake function in m function
of the dif7mrncc of z mut s’ only, M in the c- d M
inflnitrly tong lwrun pipe with open boundmy condition,

the relatirnl nnnmg Wr(s), (J(z, z’) +md l’(~) can hc

writtm. M

/

l-u

Wp(t)= G’(2 - r’)~(d)rk’
-1-u

I
l-s

= (;(d)} ’(r - t’)rlz’ , (1)
-m

whrrr it in Un[lrmlfxrnl thnt f;(~) s [1 for ~ < 0. In thin

pnprr wr rrhrdl Iimil our flisrurnion~ to 11)0 rmw for which

FAl,( I ) llIJIln. ont+ rnn infrr from Kq.( I ) thnt if W,(r) in lhr
wnkr pc~bmlid i)f n timJWII funrthm g(r), nml if n rhnrgr

tlimtrilmliim }’(y) rnn hr Pxprrmml nx n r[mwduti(m of g(r)

nnIl wmw fllnrtilm ~(r), i,r,,

\

r,,

F(u) ~ /\r)g(p , )dr , (2)
,.,



then one can calculate the wake potential Wr(t) of the
distribution F(y) by using the relation

J
w

kt’F(~) = W,(t)f(y- qd , (3)
-m

where

/

m

w,(i) = C(z’)g(t - Z’)(fz’ . (4)
-m

Our study here will be focueed on those carws in which g(z)
is a simple function and in which the solutions of Eq.(2)
exist for a given F(v).

For an arbitrary distribution F(u), it is usually
impoaaible to find a c!oaed form for the solution, but one

can expand it [9] inio orthogonal polyrmmials On(~)t i.e.,

where Sn ( y) = Con. The computing of the wake
potential WF(C) in then tran~[ormed into finding the wake

potcnlial due to the functions C“(y). To relate the right-
hand side of tlq,(5) to the known fu ‘ion g(z), we usc the
convolution theorem of Fourier trnn,~format.ion to cxprcnn

s.(y) IM

where Qn(r) is given by

whrrc ,jn(w) fuId j(w) m! tlw Frmriw Ilrmmfornw of ,$’,, (~)

mlId g(y), rrwpwtiw’ly, Slllmtiluting Kq, (fi) into lhl,(h) rmd

Uning llqn, (2) - (4), WI. drrivr

“.,

lt’~’(r) = ~ (I,,
‘1

m Q,l(# - I)w,(l)fff. (u)
n=ll -’-J

1110 EVALUATION OF SIV2C;IFIC CAsES

Q.(z) = *(:)nHn(*b++), (g)
where u; = us - u?. Substituting Eq. (9) into Eq. (8)

yields the wake potential of the (arbitrary) distribution F:

/

z-tmwg(t)~fn (~ )[ (r - t)~ ~t
x exp

-~ 1-m
(lo)

where

/
W,(t) = J- m (t - z’)~ ,

d%, -.
C(z’)exp[-~]dz , (11)

I

i~ the wake powmtial of a bunch hnving a Gaumian charge
dintribut.ion of standard deviation al < u. Eq.( 10) haa

recently been applied to build the wake potential taldea in

a beam etnbility simulation program [12].
When F(z) is a Gaunsian function, then the

expmmion coeflicientn an = O (except when n = 0).

Equation ( 10) then lmds to the well-known result that

the wake potential of the Iongcr Gaumiall bunch can be
cxpmaed M a nuperpmition of the wake potential of the

shorter Gauaaian bunch, aa []3]

Wc rmtc ngnin tlmt tlw cxpnnmion of wnke potuntid

in tmn~ of Ilrrmitr ilolynnminln Im hccn uam.1in the heanl
filnhi]ity #inmlntion in conjunctiorr with xomc point-charge

(:rml functlionn or imimdmmw [H, 14,15]. ‘1’110 mrthod
dwwriiml horr ditlim frunl iwcvioun omw in thnl it IIMYI

thn known wnkr potontini of R (huminn hunch inntead of
Lhc ( ;rmw fuhction or ilnpcdnnrr (which nrc in gmwrd

~iiflicult to oi)lnill),

y(r) = [/1(#+ /) - o(r - /)]/(2/) , (1:1)



{
Q.(*) ‘C$ f & [(~/~)- (ZM + 1)(~/L)]

m=O
(14)

- ~S.[(z/Lj +(2k+ 1)(1/L)]} ,
k=o

where M io the largest integer for (2A4 + 1)/ ~ (L + z),

K ia the largest integer for (2A’ + 1)/ ~ (L - z), and

&(v) = ~(~)On(~/L) h defined in the same range rM that
of on(y/L).

AS an cxarnple, we consider a caae in which C(V) =

V2– 1, O“(V,’L) is the Legendre polynomial f’n(~/L)l and

(L/3) <1< (2 L/3). Applying Eqs. (8) and (14), we find
that

wF4~) = fj(+) ~: ~,(wl(~ - t)d , (16)
n=o

where

I
(2+ rl)[rll’n(rl) + O(L + Z~)Z~Pn(Z~)]

-n[Pn-l (zl)+fl(L +z~)Pn-l(z2)],

for z~(L -1) ,

I
(2+ n)[x, Pn(z, ) - raf’n(a’~)]

B.(t) = -rl[/Jn-l (zl)–l’n-1(z3)],
for (1- L)< Z<(L-1) ,

Illt

I’vg(f) = ;
/

(r’(~’)[()(t- (+t)-fl(l- l’-t)], rfz(1’/)
- Illr

IV. CONCLUSIONS

be increased by using this method in conjunction wit!r the

table-look-up technique.
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